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EA = � C\]MefBU?O=�mjD,=@;GA>B`C\D,BU;GA>B\�VBT7

EB = � ]^BdDK;G4MefBdm�DF=@;GA>BVC\DFBU;GA>B\�R["]M4ZBUW�BU?5AG4ZHTBU;>H�C\AG4Yb
NG4.JQC`NGLKcK4MA>=R7OC\]M]*CR784^NGAG;G4McKLKaT4^=@?OB�cK4M?O=@es4*C\]^B�7KBU].?5LKefBU;>=R784,NGLOHTHTBTN>N>4FNGL

n = 5
DK;>= W�B�HT=@?nDK;>=@cQC\cK4M]M4MAPk

784�NGLOHTHTBTN>N>=
p = 0.2

X

P{EA} =

(

5
4

)

0.24(1 − 0.2)1 +

(

5
5

)

0.25(1 − 0.2)0 ' 0.00672 �
B�NGLK]M]^BgDK;G4MefB

n = 4
DK;>= W�B"X

P{EB} =

(

4
4

)

0.24(1 − 0.2)0 ' 0.0016
_
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HT=@?ONG4^NGA>BV?OBU]M]YvwBU]^BU?OH�C\;>Bf["]M4&BUW�BU?5AG4
784^NG["4MLK?5AG4&]*CnHULK4(LK?K4^=@?OBs7Okh["]M4&BUW�BU?:AG4
HTBU;>H�C\AG4Y_s�gB�¢O?K4MAG4(["]M4&BUW�BU?5AG4
Ei = � NG4�C\DK;>B�]*CRD,=@;GAPCV4£�YejC5�:b

i = 1, ..., 5
b.N>LK4�NG4M?K[�=@]M4�N>=@AGA>=�BTNGDFBU;G4MefBU?5AG4YbQNG4~JQC

EA = E1E2E3E4E5+E1E2E3E4E5+E1E2E3E4E5+E1E2E3E4E5+E1E2E3E4E5+E1E2E3E4E5

EB = E1E2E3E4S5

7K=�W�B
+

4M?O784^H�CuLK?K4^=@?OBn784IBUW�BU?5AG4Yb(]*CucQC\;G;PCu4M?O784^H�C¡HT=@esDK]^BUefBU?:APC\aT4^=@?OB"b�BT7
Si

6�]YvwBUW�BU?:A>=�HTBU;GA>=¡?OBU]
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P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· 1

5
· 1

5
· 1

5
· (1 − 1

5
)
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C\]MA>BU;PCn]*Cj9tLK?KaT4^=@?OBsDK;>=@cKcQC\4M]M4MAPk8b�DFBU;�HULK4(["]M4&BTNGD,BU;G4MefBU?:AG4
?O=@?zN>=@?O=h4M?O784MDFBU?O7KBU?5AG4Y_s��?�q5LOBTNGA>=3H�C@N>=h4
HT=@?:AG41N>4,9�C\?K?O=VLONPC\?O7K=f]*CV;>BU[�=@]*Cs7KBU]M]*CsH�C\A>BU?QC8X

P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· 1

4
· 1

3
· 1

2
· (1 − 1

1
) = 0



P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· 1

4
· 1

3
· (1 − 1

2
) · 1

2
∼= 0.0041

P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· 1

4
· (1 − 1

3
) · 1

3
· 1

2
∼= 0.0055

P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· (1 − 1

4
) · 1

4
· 1

3
· 1

2
∼= 0.00625

P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

= (1 − 1

5
) · 1

5
· 1

4
· 1

3
· 1

2
∼= 0.0066

P{E1E2E3E4E5} = P{E1}P{E2|E1}P{E3|E1E2}P{E4|E1E2E3}P{E5|E1..E4}

=
1

5
· 1

4
· 1

3
· 1

2
· 1 ∼= 0.0083

B�DFBU;GAPC\?5A>=jC\cKcK4*C\ef=
P{EA} ∼= 0.0309

B
P{EB} ∼= 0.0083

!�23�54*C
X

LK?QCyW@C\;G4*C\cK4M]^B3H�C@NGLQC\]^BnLK?K4£9�=@;GefBUefBU?:A>B¡784^NGAG;G4McKLK4MAPCy4M? r���!8b !�2VBnNG4�HT=@?ONG4^7KBU;G4�]*CyNGLQC¡AG;PC@N 9�=@; �
ejC\aT4^=@?OB`C\AGAG;PCTW�BU;>NP=f]*CVN>BU["LOBU?5A>B�9<LK?KaT4^=@?OB"X

g(x) =



















−1 x ≤ −1
x −1 ≤ x ≤ 0
0 0 ≤ x ≤ 1
1 x > 1.

��BUA>BU;Ges4M?QC\;>B¡]*C 9<LK?KaT4^=@?OBu7KBU?ON>4MAPkz784EDK;>=@cQC\cK4M]M4MAPk�7KBU]M]*C�W"C\;G4*C\cK4M]^B¡C\]^B�C\A>=@;G4*C
g(X)

Bl784^N>BU["?QC\;G?OBl4M]
[";PC�¢QHT=K_ � C\]^HT=@]*C\;G?OBdq5LK4M?O784�W"C\]^=@;�efBT784^=fB�W"C\;G4*C\?Ka C8_

|~}.�<���5��}F���
��?n¢O["LK;PCVW�BT784*C\ef=j4M]~[";PC�¢QHT=j784

y = g(x)
Bg]*CV7KBU?ON>4MAPks784��VbKH>JOB�W"C\]^B
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DFBU;

x ∈ [−2, 2]
_

x

y=g(x)

1

-1

-1 1 2-2 0

	�DKDK]M4^H�C\?O7K=j4M]~A>BT=@;>BUejCV9�=@?O7OC\efBU?:APC\]^B"X
� 2��KLO=@;G4�HT=�7K=@es4M?K4^=KX&D,BU;

y < −1
B

y > 0
rtejC

y 6= 1
2�NG4~JQC

fY (y) = 0
_

!�2��F=@?OBRDK4*C\AGA>B"XEHTB`?OB`NP=@?O=jAG;>B"bFLK?QCjDFBU;
y = −1

b,7K=�W�BsCTW�;>BUef=hLK?QCj7KBU]MAPC�784(C\;>B�CjDQC\;G4(C
P{Y =

−1} = P{X < −1} = 1/4 � DF=@4�LK?QCs7KBU]MAPCV4M?
y = 0

bO7841C\;>B�C
P{Y = 0} = P{0 < X < 1} = 1/4 �4M?8¢O?OB�LK?QCs7KBU]MAPCV4M?

y = 1
bK7841C\;>B�CVDQC\;G41C

P{Y = 1} = P{X > 1} = 1/4 �#�2&D,BU;�=@["?K4
y ∈ [−1, 0]

?OBU]FHT=�7K=@es4M?K4^=KX&BTNG4^NGA>B�LK?QCRN>=@]MLKaT4^=@?OB
x1 = y

C`7KBU;G4MW@C\APC`LK?K4MAPC\;G4*C8bKBg78LK?Oq5LOB



fY (y) =
fx(x1)

|g′(x1)|
=

1

4

Bd78LK?Oq5LOB�]*Cf7KBU?ONG4MAPkj784
Y

NG4�N>HU;G4MW�B"X
fY (y) = c(y) + 1

4(δ(y + 1) + δ(y) + δ(y − 1))
b.7K= W�B�]*CfDQC\;GA>B

N>BU?Ka C�7KBU]MAPCgW"C\]^B
c(y) = 1/4

D,BU;
y ∈ [−1, 0]

BEa�BU;>=dC\]MAG;>=�W�B"_(��]K[";PC�¢QHT=d784
fY (y)

6�ef="NGAG;PC\A>=�4M?s¢O["LK;PC

-1 10 y

f  (y)
Y

¤1BU;�4M]�H�C\]^HT=@]^=j7KBU]M]*CRefBT784*C8bOD,="N>NG4*C\ef=VLONSC\;>B�]*CRDF7�9(784
y
X

E[Y ] =

∫

∞

−∞

yfY (y)dy =

∫ 0

−1
yc(y)dy +

1

4
((−1) + (0) + (1)) = −1

8

7K=�W�B�C\cKcK4*C\ef=lLONPC\A>=3]*ChDK;>=@DK;G4^BUAPkl7KBU]&H�C\esDK4^=@?QC\efBU?5A>=¡7KBU]M]^Bj7KBU]MAPC8b�BT7�4M]�9YC\AGA>=3H>JOBj]*Ch]^=@;>=uC\;>B�Cn6
LK?K4MAPC\;G4*C8_I��DKDKLK;>B�D,="N>NG4*C\ef=sDK;>=�HTBT7KBU;>B�784M;>BUAGAPC\efBU?5A>B`HT=@]~A>BT=@;>BUejCj7KBU]M]Yv C@NGDFBUAGAPC\aT4^=@?OB"X

E{g(X)} =

∫

∞

−∞

g(x)fX (x)dx =
1

4

∫ 2

−2
g(x)dx = −1

8

�54Mes4M]MefBU?:A>B`DFBU;�4M]~W"C\]^=@;>B�q5LQC@78;PC\AG4^HT=fefBT784^=KX

E[Y 2] =

∫

∞

−∞

y2fY (y)dy =

∫ 0

−1
y2c(y)dy +

1

4

(

(−1)2 + (0)2 + (1)2
)

=
1

12
+

1

2
=

7

12

=@DKDKLK;>BdHT=@]~A>BT=@;>BUejCf7KBU]M]Yv C@N>DFBUAGAPC\aT4^=@?OB"X

E{g2(X)} =

∫

∞

−∞

g2(x)fX(x)dx =
1

4

∫ 2

−2
g2(x)dx =

7

12

BT734M?8¢O?OB
V AR[Y ] = E[Y 2] − E[Y ]2 = 7

12 − 1
64

∼= 0.567
_

#�2h��C�9<LK?KaT4^=@?OBI7KBU?ONG4MAPk�7845DK;>=@cQC\cK4M]M4*k�HT=@?K["4MLK?:APC�7KBU]M]*C�HT=@DKDK4*C�784:W"C\;G4*C\cK4M]M48H�C@NGLQC\]M4
(X,Y )

JQC�]*CENPBU["LOBU?:A>B
BTNGDK;>BTN>NG4^=@?OB"X

fX,Y (x, y) =

{

1/2 0 ≤ y ≤ 3, 0 ≤ x ≤
√

y/3
0

C\]MAG;>=�W�B
.

��BUA>BU;Ges4M?QC\;>Bd]*CVefBT784*CsHT=@?O784MaT4^=@?QC\APC
E[X|Y = y]

_
|~}.�<���5��}F���

��CVD,7�9�HT=@?K["4MLK?5APC
fXY (x, y)

6�HT="N>APC\?:A>BdBgDQC\;G4ZCs�8_ �sNGLK]�7K=@es4M?K4^=jCVAG;PC\AGA>=fef="NGAG;PC\A>=s4M?3¢O["LK;PC

3

10

y

x



� C\]^HT=@]M4*C\ef=f]*CVefBT784*CsHT=@?O784MaT4^=@?QC\APC�HT=@efB
E[X|Y = y] =

∫

∞

−∞
x fX(x|Y = y)dx

bQ7K=�W�B
fX(x|Y =

y) = fXY (x,y)
fY (y)

D,BU;
0 ≤ y ≤ 3, 0 ≤ x ≤

√

y/3
BVa�BU;>=uC\]MAG;>=�W�B"_j��CnejC\;G["4M?QC\]^BjN>4ZAG;>= W@C34M?:A>BU[";PC\?O7K=

;G4^NGDFBUAGA>=�C@7
x
X

fY (y) =

∫

∞

−∞

fXY (x, y)dx =

∫

√
y/3

0

1

2
dx =

1

2

√

y

3
DFBU;

0 ≤ y ≤ 3
b.B`a�BU;>=hC\]MAG;>= W�B"_�¤1BU;GAPC\?5A>=

fX(x|Y = y) =
√

3
y

DFBU;
0 ≤ x ≤

√

y/3
B�a�BU;>=3C\]MAG;>=�W�B"b

HU4^=56 � 7OC\A>=�������JQCuLK?QCl784^NGAG;G4McKLKaT4^=@?OBnLK?K4£9�=@;GefB�N>L
0 ≤ x ≤

√

y/3
Bj78LK?Oq5LOB�]*CuNGLQClefBT784*Cu6

E[X|Y = y] = 1
2

√

y
3

_
m523�54*C\?O=s7OC\A>B�78LOBgW@C\;G4*C\cK4M]M4�H�C@NGLQC\]M4

X
B

Y
4M?O784MDFBU?O7KBU?5AG4YbQHT=@?n9<LK?KaT4^=@?K4�7KBU?ONG4MAPkR784~DK;>=@cQC\cK4M]M4MAPk

fXx)
B

fY y)
4M?O784^H�C\A>B`4M?l¢O["LK;PC8_��gBUA>BU;Ges4M?QC\;>B`]^B�9<LK?KaT4^=@?K417KBU?ONG4MAPkj784�DK;>=@cQC\cK4M]M4MAPkyr<HT=@?K["4MLK?:APChB�ejC\;G["4M?QC\]M4�2

7KBU]M]^B�78LOB�W@C\;G4*C\cK4M]M4,C\]^B�C\A>=@;G4^B
Z1X +Y

B
Z2X −Y

_���B�78LOB�W@C\;G4*C\cK4M]M4,H�C@NGLQC\]M4
Z1

NP=@?O=�4M?O784MD,BU?O7KBU?:AG4�o
�	��
 ��


� �

�	��
 ��


�� ��� �� _

|~}.�<���5��}F���
��]�NG4^N>A>BUejCs784��R_w	R_MX

Z1 = X + Y

Z2 = X − Y

JQC3HT=@efBfHT=�7K=@es4M?K4^=lAGLKAGA>=34&D,="N>NG4McK4M]M4(W"C\]^=@;G4
784
(z1, z2)

B"b,¢QNPNPC\APCnAPC\]^BfHT=@DKDK4*C8b1LK?QC3N>=@]*CnN>=@]MLKaT4^=@?OB
(x1, y1)

=@AGA>BU?:LKAPCf4M?:W�BU;GA>BU?O7K=�4M]�NG4^NGA>BUejC8X
x1 = (z1 + z2)/2

y1 = (z1 − z2)/2

BT73LK?O=��:C@HT=@cK4*C\?O=jDQC\;G41C8X

J = det

[

∂z1

∂x
∂z1

∂y
∂z2

∂x
∂z2

∂y

]

= det

[

1 1
1 −1

]

= −2

HT="NG4^HTH>JO¥`7OC\]�A>BT=@;>BUejCR9�=@?O7OC\efBU?:APC\]^BVC\cKcK4*C\ef=KX

fZ1Z2
(z1, z2) =

fXY (x1, y1)

|J(x1, y1)|
=

fX(x1)fY (y1)

2
=

1

4

DFBU; 1
2 < x1 < 3

2 , −1 < y1 < 1
r<HU4^=�6 1

2 < z1+z2

2 < 3
2 , −1 < z1−z2

2 < 1
2EB`a�BU;>=3C\]MAG;>=�W�B"_�	�cKcK4*C\ef=

N 9t;GLKAGAPC\A>=j]Yv 4M?O784MDFBU?O7KBU?Ka Cj784�� B�� ?OBU]M]^=jN>HU;G4MW�BU;>B
fXY (x1, y1) = fX(x1)fY (y1)

_���]�7K=@es4M?K4^=jNGL¡HULK4
fZ1Z2

6�HT="NGAPC\?5A>B�BgDQC\;G41Ch����mj6gLK?3;>BUAGAPC\?K[�=@]^=f784~]*C\AG4&��BgmfN>LK]~DK4*C\?O=
(z1, z2)

bK;GLO=@APC\A>=j784 �"�R[";PC@784
;G4^NGDFBUAGA>= C\["]M4�C@N>NG4Y_u	1W�BU?O7K=y]*C3D,7�9�HT=@?K["4MLK?:APC8b�NG4
D,="N>N>=@?O=¡;G4^H�CTW"C\;>Bj]^B�ejC\;G["4M?QC\]M4�DFBU;R4M?:A>BU[";PC\aT4^=@?OB
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